Entanglement and wave function description are two of the core concepts that make quantum mechanics such a unique theory. A method to directly measure the wave function, using Weak Values, was demonstrated by Lundeen et al., Nature 474, 188(2011). However it is not applicable to a scenario of two disjoint systems, where nonlocal entanglement can be a crucial element, since that requires obtaining Weak Values of nonlocal observables. Here, for the first time, we propose a method to directly measure a nonlocal wave function of a bipartite system, using Modular Values. The method is experimentally implemented for a photon pair in a hyper-entangled state, i.e. entangled both in polarization and momentum degrees of freedom.
A wavefunction description plays an important role in quantum theory, while its objective reality gives rise to a century-long debate [1] [2] [3] [4] [5] [6] . Using the technique of Weak Measurement that enables one to obtain the Weak Value of a pre-and post-selected quantum system [7, 8] , a method of directly measuring the complex wavefunction of single photons was experimentally demonstrated recently [9] . The technique was subsequently extended to discrete two [10] or high dimension [11] [12] [13] quantum systems and even mixed states [14, 15] .
The method was found to have deep connections to the phase space distributions [16, 17] and sequential measurements [18] [19] [20] . It was developed to with strong measurements [21] [22] [23] and further applied to measure matter waves [24, 25] . In none of these tasks [26, 27] , the measured wavefunction could be related to two disjoint systems and thus could not represent nonlocal entanglement. Here, for the first time, we show a direct measurement of a wavefunction with nonlocal entanglement. We achieve this by using Modular Values [28] which enable one to obtain the Weak Value of a (nonlocal) product of observables.
A general wavefunction |Ψ can be written using a basis |n as |Ψ = n Ψ n |n , where Ψ n are complex amplitudes. A projective measurement of |n would yield only |Ψ n | 2 , and not any phase information, so it was a surprise when Lundeen et. al. [9] showed that using Weak Values one can directly measure both the real and imaginary parts of Ψ n . A Weak Value of an observable O, on a system that is prepared in a state |ψ and postselected to a state |φ , is given by O w = φ| O |ψ / φ|ψ . It is a complex quantity, in contrast to the expectation value or any of the eigenvalues, which are always real. The Weak Value of a projection operator P n = |n n| with a postselection on uniform superposition |φ ∝ n |n yields the complex amplitudes ψ n ∝ (P n ) w . The standard technique to obtain a Weak Value, known as a Weak Measurement, is via an interaction described by the evolution operator U I = e −igOp , where g 1 is a dimensionless coupling constant and p is an operator on a meter. After the interaction and postselection on the system the expectation value p and x , with x being an operator conjugate to p, will change according to δp = 2g ( p 2 on the state of the system and finally, if the system is found in a state |φ , the meter is read out.
(b) Experimental scheme to realize the circuit in (a) using the path of a photon as a meter and its polarization as the system. (c) The logic circuit diagram for the case of a bipartite system (two spatiality separated qubits) is composed from similar components to the single qubit case shown in (a) and (b). The main difference is that the system can be initially entangled and thus the meter might have to be entangled as well.
However, the interaction U I = e −ig(P j,l) p , which is needed in the standard scheme to obtain (P j,l ) w , is not physical, regardless of what p might be, since it requires a nonlocal Hamiltonian
Such a Hamiltonian implies an instantaneous interaction between distant locations. Thus, the method described above cannot be applied to this case and it seems that one cannot directly measure a nonlocal wavefunction. This implies a major flaw in the implication of the direct measurement technique. Apart from the ongoing discussing regarding the efficiency of the method, this flaw is related to the fundamental aspects of the idea and can render it useless for the most interesting cases. Without the locality restriction one can adopt a realistic description and thus the wavefunction is redundant.
Any potential application of the method would also be highly limited due to the pivotal role of entanglement in many quantum protocols. Here we show that this is not the case by introducing a new method, and experimentally demonstrating it, where the Weak Values are replaced, or rather augmented, by Modular Values [28] .
Modular Values were introduced as an explanation of an experiment demonstrating the Hardy paradox [30, 31] , which involved the Weak Value of a product, and as a method to obtain Weak Values using strong measurement. Later on it extended theoretically in several ways [32] and also implemented experimentally [33] .
Since the (nonlocal) observable we are interested in P l,j is a product of two (local) observables, the problem boils down to obtaining the Weak Value of a product of observables.
This task cannot be done using the standard Weak Measurement technique, where the meter evolves according to a Hamiltonian in which the observable on the system is replaced by its Weak Value O → O w . A way to achieve this task was initially suggested in [34] and later realized [35] . Their method relies on a second order term, while still requiring the interaction to be weak. A product of N observables would be obtained from the N th order, so the scalability of this method poses significant challenges. The method we use, based on Modular Values, has the additional benefit of allowing one to obtain Weak Values using strong measurement. In [28] , it was shown that a qubit meter, interacting via an observable O on a pre-and postselected system, evolves according to the Modular Value, given by O m = φ| e −igO |ψ / φ|ψ , where g is coupling constant of arbitrary size. When the relevant observable is a projection, the Modular Value has a close connection to the Weak Value (P n ) m = 1 + s (P n ) w , with s = e −ig − 1. We set s = −2 which corresponds to a standard experimental setting. In the case of two commuting projectors we have
where for any single projector on a subsystem there is an implicit tensor product with an identity operator on the other subsystem. The first expression in Eq. (1) is implied by the original method [9] while the second expression comes directly from the definition of the Modular Value. While qubit meters are typically used to obtain Modular Values, the projection observable P j can pertain to a continuous variable such as the position or velocity of a particle [36, 37] , with the indices j, l in Eq. (1) denoting the continuous property. Thus, the problem of measuring directly a nonlocal wavefunction is mapped to directly measuring the Modular Values of observables such as P A j + P B l , which we now show how to accomplish, using an entangled meter.
Since the meter should interact with both subsystems, it should also consists of two parts, even though in principle one can also have a single meter and move it to each location of the subsystems. After each part interacts with one subsystem, and the system is postselected, the Modular Value can be extracted from the final state of the meter by tomography [28] .
The tomography in the last step can be replaced by a more direct method by setting the meter in an initial state |Ψ m
refer to the part of the meter interacting with subsystem A(B) and 1. Then, after
of the meter to the state |↓ (|↑ ), the probabilities P 1 and P 2 of finding the meter in the states |1 = (|↑↓ + |↓↑ ) / √ 2 and |2 = (|↑↓ + i |↓↑ ) / √ 2, respectively, are given by
Thus, to the first order in , the readout in certain detectors will be given by the real and imaginary part of the relevant Modular Value. To obtain P A j m and P B l m one can set the meter initially in a product state and look at probability of finding states, similar to |1 and |2 , for each part of the meter separately. Alternatively, one can replace in the interaction U I , a projector on one part with an identity operator (for more details see the supplementary information).
Note that 1 does not imply the procedure is a Weak Measurement in the sense that the interaction parameter g does not have to be small. One can set to be large as well and still reconstruct Weak Values from Eq. (1), which means using strong measurements.
Indeed an alternative to the direct measurement technique, based on strong measurement, was theoretically proposed [21, 22] and experimentally demonstrated [23] . That technique could also be interpreted using Modular Values. In our scheme, we choose 1, so using Eq. (2) and (3), the complex amplitudes of a wavefunction with nonlocal entanglement, appear naturally in the measurement results.
The general scheme of our method is shown in Fig. 1 and the experimental setup is shown in Fig. 2 . More details are given in the supplementary. In the experiment we have measured the wavefunction of the polarization of two photons using their paths degree of freedom as a meter, such that the state |↑ (|↓ ) for a part of the meter implies that photon went through the right (left) arm. We used hyperentangled photon pairs such that both the polarization and path states are entangled between the photons while there is no entanglement, initially, between the polarization and path [38] . The probabilities in Eq. (2) and (3) are obtained by Franson interference. Since the initial state of the meter is entangled, we detect product states 1 = (|↑ + |↓ ) (|↑ + |↓ ) /2 and 2 = (|↑ + i |↓ ) (|↑ + |↓ ) /2 to obtain P 1 and We start by demonstrating our method for a single component of the state. We prepare the system in a maximally entangled state 1 In Fig.4 we present the complete probability amplitudes which are measured using our method, for a number of states. In our case, the three modular values used to measure the single component, as shown in Fig. 3 Fig.4 the reconstructed density matrices, obtained by standard tomography, requiring 16 different measurements for each state. Our current work is limited to pure states and reconstructing mixed states will necessarily be more resource intensive.
In addition to the main result, our method illuminate an aspect of the direct measurement technique, which is sometimes overlooked or misunderstood. It demonstrate that essentially the ability to obtain the probability amplitude is due to Weak Values rather than Weak
Measurements. It is the postselection that enables us to achieve the task and not necessarily a small interaction strength. While this distinction could be infer directly from the theoretical derivation, supporting it by experimental results, can help clarify this issue, as well as the discussion regarding the efficiency of various techniques, especially with regards to the supposed benefits of small interactions.
More importantly, extending the method of direct measurement to scenarios having nonlocal entanglement, will allow using it to study, theoretically and experimentally, many ideas, such as steering, quantum discord, entanglement entropy, etc. The extended method could be incorporated into quantum protocols for which the original method was not applicable due to the locality constraint on the measured wavefunction. Since it is not yet clear where one would use the original method, and how, we can only speculate regarding concrete applications of our method. It is possible that some future technology would require obtaining the wave function of a pure state, which is non locally entangled. The context can be information transfer, executing a distributed computational task, cryptography protocols, etc.
Then, one might find that our method is required for an efficient implementation of such technology.
In conclusion, we have experimentally demonstrated a direct measurement of nonlocal wavefunctions for the first time. The task is achieved by using Modular Values of a sum of observables which yield the Weak Values of nonlocal observables. The method sheds new light on the previous technique and extends it to be applicable for an important scenario:
the existence of nonlocal entanglement. We anticipate that our results can inspire the direct measurement of multipartite states in some other quantum systems where weak values are accessible at present, such as atoms [39] , neutrons [40] , superconductor [41] , etc. Introducing sequential measurements [18] [19] [20] 
(S1) Initialization of the system and meter. Initially, the photon pairs are prepared in a hyper-entangled state such that both the polarization and path states are maximally entangled between the photons while there is no entanglement between the two degrees of freedom. Starting from the maximal entangled state given in Eq. S1, the system can then be prepared to any required form (maximally entangled) by using the wave plate set of HWP-QWP in the beginning of each arm. At this stage, the optical axis of the QWP inside the photon source (see the inset in Fig. 2 ) is oriented at 45 • (by 0 • we means the axis is parallel to the table). For preparing the system in a product state, in addition to wave plate sets used before we also need to set the QWP inside the photon source to 0 • . For the general state demonstrated in our experiment, a careful configuration of the optical axes of the QWP and the wave plate sets is needed. In our scheme, a small value of is needed. Since the meter is not initially entangled with the system, we can implement it by inserting neutral optical attenuators, which can reduce the optical intensity independent of its polarization, into the relevant path modes, i.e., left for photon-A and right for photon-B. By precisely reducing the intensity of the path mode ↓ A ↑ B , we can set the meter to Ψ m I = (|↑↓ + |↓↑ )/ √ 1 + 2 with equaling 0.2 in our work.
Measuring the Modular Values. Using the setup shown in the main text, and by inserting different configurations of wave plates, we implement the following time-evolution operators:
with j, l ∈ {H, V } and P as a projection operator. An implicit tensor product with the identity operator on any other part of the system is assumed. The initial state of the meter is |Ψ m I , as defined in the main text with = 0.2. After the evolution, under U 1 , U 2 or U 3 , and postselection, the state of the meter is, respectively:
where N = 1 − O( 2 ) is a normalization factor. Projecting these states |Ψ m F (1−3) to |1 and |2 defined in the main text will yield probabilities P 1 and P 2 in terms of the corresponding Modular Values, as given in Eq. (2) and (3). In more detail, considering the Modular Value of the sum of two projectors P A j + P B l m , we have
Similarly, we can get the Modular Value of the two single projectors P A j m and P B l m . As the final meter states are entangled, especially they do not contain the components of |↑↑ and |↓↓ , the same projection probability can be obtained by using 1 and 2 instead of |1 and |2 . We have adopted the entangled meter at the beginning, our projection measurement works for the Franson interference occurring between the two spatially entangled photons.
At last, with the experimentally measured Modular Values in hand and the formula in Eq. 1, we can easily calculate the weak values of joint projector (P A j P B l ) w . Relationship between the complex probability amplitude and the joint weak value. Supposing we have a system composed of two qubits A and B in a general normalized state
where j,l |Ψ j,l | 2 ≡ 1. The task is to measure the complex amplitude directly from the projection probabilities. Additionally, supposing we can extract the weak values of joint projectors (P A j P B l ) w , along its definition
When choosing |Φ s = |++ with |+ = 1 √ 2 (|H + |V ), we can directly get the relationship between the complex probability amplitude and the joint weak values Ψ j,l ∝ (P A j P B l ) w , (S14)
That is to say, with all the joint weak values in hand, the full state (wave function) can then be obtained directly by performing a simple normalization to all the components. For example, considering the case in Fig. 3 , we have Ψ HH = 1/ While the real part of (P A V P B V ) w takes a constant value independent of the parameter θ, after performing the normalization procedure, the final normalized amplitude for the basis |V V reads e iθ / √ 2 = (cos θ +i sin θ)/ √ 2, whose real and imaginary parts both exhibit oscillations, as shown in Fig. 3 .
